Abstract. The reconstruction of simple polytopes from their graphs was first established by Blind and Mani, and later by Kalai. This result was then generalised to polytopes with at most two nonsimple vertices by Doolittle, and by Nevo and the present three authors, independently. A vertex is nonsimple if its number of incident edges is greater than the polytope dimension d; it is simple otherwise. These two recent papers measure deviation from simple polytopes by counting the number of nonsimple vertices. In this paper we continue studying this notion by focusing on polytopes with small number of vertices. We prove that reconstruction from graphs also hold for We also study another measure of deviation from being a simple polytope, the excess, defined 
Introduction
The k-dimensional skeleton of a polytope P , denoted k-skel(P ), is the set of all its faces of dimension ≤ k. The 1-skeleton of P is the graph G(P ) of P . Reconstructing a polytope from its k-skeleton amounts to giving the combinatorial structure 1 of the polytope by solely querying the k-skeleton. It however suffices to reconstruct the facets of P , since the combinatorial structure of a polytope is determined by the vertex-facet incidence graph, where a facet is adjacent to a vertex if it contains the vertex [6, Sec. 16. Throughout the paper we let d := dim P . The graph of a polytope only gives partial information on the structure of the polytope. It does not even determine the dimension of the polytope, as exemplified by the cyclic d-polytope on n vertices [16, p. 11] and the n-simplex n > d. Hence, we always assume the dimension is given; see [16, Notes of Ch. 3] . In this case, we say that the dimension is not reconstructible from the graph. More generally, we say that a parameter or a property of a polytope is reconstructible from the graph if it can be recovered from the graph; otherwise it is nonreconstructible. For some classes of polytopes, the graph however determines their combinatorial structure. Polytopes with dimension at most 3 are all reconstructible from their graphs, with the case of dimension 3 following from Steinitz's Theorem [16, Ch. 4 ] and Whitney's Theorem [16, Sec. 4.1] . For higher dimensions, Blind and Mani [1] , and later Kalai [11] , showed that a simple polytope is determined by its graph [16, Sec. 3.2] . Nevo and the three authors of this paper [13] , and independently Doolittle [4] , showed that polytopes wit at most two nonsimple vertices are reconstructible from their graphs.
The paper [13] Other reconstruction results can be found in [6, Sec. 20.5] .
In this paper we keep studying the structure and reconstruction of polytopes which are "close" to being simple. For a d-polytope, we call a vertex of degree 2 d simple, otherwise we call it nonsimple.
There are many approaches for a d-polytope to get close to being simple; we are interested in those that guarantee reconstructibility from graphs.
Approach 1: A d-polytope with "few" nonsimple vertices; this is the approach taken in [4, 13] . The results of this paper, described next, revolve around Approaches 1 and 2. We want to highlight that some of the results of the paper came about after the authors test a number of hypotheses on polymake [7] .
Theorem. Let P be a d-polytope with excess at most d − 1. Then the graph of P determines the entire combinatorial structure of P . This result is best possible in the sense that there are d-polytopes with excess d which are not reconstructible from their graphs.
The next results allow us to decide whether a polytope with small number of nonsimple vertices is pyramidal or not. A polytope is an r -fold pyramid if it is a pyramid whose basis is an (r − 1)-fold pyramid, and any polytope is a 0-fold pyramid. If a vertex u is an apex of a pyramid P , we say that P is pyramidal at u.
Theorem. Let P be a d-polytope with at most d − 1 nonsimple vertices and a vertex u adjacent to every other vertex in the polytope. Then the polytope is pyramidal at u, and it is reconstructible from its k-skeleton if and only if the basis is reconstructible from its k-skeleton.
Furthermore, these statements are best possible as there are pyramidal and nonpyramidal d-polytopes with exactly d nonsimple vertices and the same graph.
The next two propositions give some interesting structural results.
Proposition. Let P be a d-polytope with at most d +k vertices and at most d −1 nonsimple vertices.
The previous proposition says nothing about d = k; this is fixed next.
Proposition. Let P be a d-polytope with 2d vertices and at most d − 2 nonsimple vertices. Then P is either a simplicial d-prism or a pyramid. (4, 4, 4, 5, 5, 6, 6) . These four polytopes can be obtained from the catalogues in [5] or the Gale diagrams of all 4-polytopes with seven vertices presented in We can do a bit more for polytopes with d + 3 vertices. Define the join of two graphs G 1 and G 2 with disjoint vertex sets V 1 and V 2 and edge sets E 1 and E 2 , respectively, as the graph with vertex set V 1 ∪ V 2 and edge set E 1 ∪ E 2 plus all the edges joining a vertex in V 1 to a vertex in V 2 .
Proposition. Let P be a d-polytope with d + 3 vertices. Then the following hold.
(i) If P has exactly d nonsimple vertices, then the graph of P is the join of the complete graph on d − 2 vertices and the graph in Fig. 2 (b) .
(ii) If P has exactly d + 1 nonsimple vertices, then P is either a (d − 3)-fold pyramid over the polytope in Fig. 2 (a) or the graph of P is the join of the complete graph on d − 2 vertices and the graph in Fig. 2 (c) . In a similar vein, we wonder if the following is true for every k ≥ 1. A more general version of Problem 1 was posed in [13] . From the previous results it ensues that Problem 1 is true for any d and k = 1, 2, 3, 4, 5. Note that Proposition 12 reduces Problem 1 to the following subproblem.
Problem 2. Let P be a d-polytope with 2d vertices and at most d − 2 nonsimple vertices. Does the graph of P determine its entire combinatorial structure?
Polytopes with small excess
Recall that the excess ξ of a d-polytope P is ξ(P ) = u∈vert P (deg u − d). Polytopes with small excess ξ = d − 2, d − 1 were first studied in [14] , where the following structural results appeared. We also need to borrow the following definitions and results from [13] .
Call an acyclic orientation of G(P ) good if for every nonempty face F of P the graph G(F ) of F has a unique sink 3 . Actually, we only need that the acyclic orientation has a unique sink in every facet, so for us this possibly larger set represents the good orientations. An acyclic orientation of G(P ) induces a partial ordering of the vertices of G(P ), and those orientations arising from shellings of the dual polytope are good orientations.
Define an initial set of a graph G(P ) with respect to some orientation as a set such that no edge is directed from a vertex not in the set to a vertex in the set.
Define a k-frame as a subgraph of G(P ) isomorphic to the star K 1,k , where the vertex of degree k is called the root of the frame. If the root of a frame is a simple vertex, we say that the frame is (i) A good orientation of G(P ) such that the vertices of the facet are initial, and within the facet any two vertices can be chosen to be the sink and source.
(ii) A good orientation of G(P ) such that the vertices of the facet are initial, and within the facet a face R is initial and a vertex not in R is a sink in the facet. We are now ready to prove Theorem 8. Denote by H R the set of feasible subgraphs which contain the complete graph G(R) on the vertices of R, and by A R the set of all acyclic orientations of G(P ) in which (1) a subgraph H R in H R is initial, and (2) within H R the subgraph G(R) is initial. It follows that H R has a sink which is a simple vertex. 
The function f O R counts the number of pairs (F, w ), where F is a facet of P and w is a simple sink in F of an orientation in A R .
Let O be any acyclic orientation, let H R be a feasible subgraph in H R , and let x be the simple sink in H R with respect to O. Suppose H R does not represent the facet F R containing x. Then, in view of Lemma 7, there are vertices of F R outside H R . Since H R is initial with respect to O, the facet F R would contain two sinks, one of them being x.
Consequently, given that there is a good orientation in A R and a subgraph H R representing a facet, we have that
Also, an orientation of A R minimising f O R must be a good orientation. Let x be the simple sink in H R with respect to O, then x defines a unique facet F R of P . Therefore, all the other vertices of F R are smaller than x with respect to the ordering induced by O. Since H R is an initial set in O and since there is directed path in G(F R ) from any other vertex of G(F R ) to x, we must have vert F R ⊆ V (H R ) and we are at home by Lemma 7. Running through all the good orientations in A R , we recognise all the graphs of facets containing R;
say that its set is F R . By [14, Lem. 4.5] Proof. We only prove the reconstruction statement for graphs (1-skeletons), but the result extends to k-skeletons for k ≥ 2.
Let G be the graph of the polytope P , and let H := G − u be the subgraph obtained from deleting the vertex u. If H were not feasible then it must fail to be (d − 1)-connected by Lemma 7, and it would be at most (d − 2)-connected. Thus removing the vertices disconnecting H plus u would disconnect G, contradicting Balinski's theorem [16, Sec. 3.4] . Thus H must be feasible. In this case, since H contains the graph of a facet and at most d − 2 nonsimple vertices, it coincides with the graph of the unique facet F which does not contain u by Lemma 7. Thus P is pyramidal with basis F . If P is pyramidal, then H is inevitably feasible. If F is reconstructible, then we can obtain the (d − 2)-faces of F , and from them, the remaining facets of P . Otherwise P is not reconstructible. 
Polytopes with a small number of vertices
We start this section by stating a few result which will prove useful, including a characterisation of Remark 11. Let P be a polytope, F a facet of P and u a nonsimple vertex of P which is contained in F . If u is adjacent to a simple vertex x of P in P \ F , then u must be adjacent to another vertex in P \ F , other than x. Observe that if P is pyramid, we are done. Since in this case, the basis would have d − 1 + k vertices and at most d − 1 − 1 nonsimple vertices, and would therefore be a (d − 1 − k)-fold pyramid. Hence P would be (d − k)-fold pyramid. Theorem 9 then ensures that the maximum degree ∆ in the polytope graph is at most d + k − 2, otherwise P would be a pyramid again. Equally we are done if P is a simple d-polytope, since in the case of d ≥ k + 1, P would have at most 2d − 1 vertices and be a simplex.
Suppose by way of contradiction that the d-polytope P is nonsimple and nonpyramidal. Let u be a vertex of degree ∆.
The vertex figure P/u of P at u has exactly ∆ ≤ d − 1 + k − 1 vertices. Moreover, P/u has at most d − 1 − 1 nonsimple vertices: for a vertex to be nonsimple in P/u must arise from an edge between u and another nonsimple vertex. Therefore, by the induction hypothesis P/u is a (d − k)-fold pyramid, and consequently, the facet F u associated with u in the dual P * of P , which is a dual of P/u [3, Thm. 11.5], is also a (d − k)-fold pyramid.
In the facet F u there is exactly one ridge which does not contain an apex v * of F u ; dually there is a facet F in P containing u, the one associated with v * , from which u sends exactly one edge out.
Since P is nonpyramidal there are at least two vertices outside F , one of which must be adjacent hypothesis. An apex of F has degree exactly ∆ − 1 in F and can be assumed to be u by Theorem 9.
The other facet F containing the basis R of F has at most d − 1 + k − 1 vertices, and it is therefore a (d − k)-fold pyramid by the induction hypothesis, since the apex u of F , which is nonsimple, is not in F . As a result, F also has exactly ∆ vertices and the vertex u in F \ F has degree ∆ − 1 in F and by Theorem 9 is an apex in F . Observe that there must be a vertex, say z, outside F ∪ F , otherwise The following proposition next deals with the case d = k. But first we need Lemma 13.
Lemma 13. Let P be a d-polytope. If P contains at most d − 2 nonsimple vertices, then either P is a pyramid or each nonsimple vertex is not adjacent to at least two simple vertices.
Proof. Assume that P is not a pyramid, and suppose by contradiction that a nonsimple vertex u is not adjacent to at most one simple vertex v .
Removing all the nonsimple vertices plus possibly v cannot disconnect the graph, according to Balinski's theorem. Therefore, the set S of simple vertices which are neighbours of u is connected. Let x be a simple vertex in S. Then, there is a facet F x containing x but not u. This facet also contains all neighbours of x other than u, and in turn their neighbours if they are simple, and so on. Therefore Proof. The proof idea of Proposition 12 also proves this proposition. Suppose that P is nonpyramidal.
If P is a simple polytope, then it is a simplicial d-prism (cf. Proposition 10). So assume that P is a nonsimple polytope. Then, from Lemma 13, it ensues that the maximum degree ∆ of a vertex in P is 2d − 3.
As in the proof of Proposition 12, we proceed by induction on d. In the basis case d = 3 we have that P is either a simplicial 3-prism or a pyramid over a quadrilateral, as desired. See [2, Fig. 2 ]. Now assume that the claim is true for 3, . . . , d − 1.
Let u be a vertex of degree ∆.
for a vertex to be nonsimple in P/u must arise from an edge between u and another nonsimple vertex.
Therefore, by Proposition 12, P/u is a pyramid, and consequently, the facet F u associated with u in the dual P * of P is also a pyramid.
Since in the facet F u there is exactly one ridge which does not contain the apex v * of F u , there is dually a facet F in P containing u, the one associated with v * , from which u sends exactly one edge out.
Since P is nonpyramidal there are at least two vertices outside F , one of which must be adjacent to u and nonsimple by Remark 11.
Therefore, the facet F has at most 2(d − 1) vertices, of which at most d − 2 − 1 are nonsimple vertices. Thus, F is either a pyramid or a simplicial (d − 1)-prism by the induction hypothesis. Next we rule these two cases out.
In the case of F being a pyramid, an apex of it has degree exactly ∆ − 1 in F and can be assumed to be u by Theorem 9. We now establish that the other facet F containing the basis R of F is also a pyramid. Indeed, if F has less than 2d − 2 vertices, Proposition 12 gives that F is pyramidal. If altogether, would disconnect z from the simple vertices in R, a contradiction. So F is a pyramid as claimed, with apex say u ∈ F \ F and basis R. As before, there must be a vertex outside F ∪ F , denote it z again. Analogously, by removing u, u and the nonsimple vertices in R, at most d − 2 vertices altogether, would disconnect z from the simple vertices in R, a contradiction. So the case of F being a pyramid is ruled out.
In the case of F being a simplicial (d − 1)-prism, u would have degree d − 1 in F , implying that ∆ = d, a contradiction. So this case is also ruled out, and thereby completing the proof of the proposition.
We are now in a position to prove our structural and reconstruction results for polytopes with small number of vertices. Once we have that the polytope is a (d − 3)-fold pyramid, to obtain all such polytopes we only need to look for 3-polytopes with six vertices and at most two nonsimple vertices, which can be found in (i) If P has exactly d nonsimple vertices, then the graph of P is the join of the complete graph on d − 2 vertices and the graph in Fig. 2 (b) .
(ii) If P has exactly d + 1 nonsimple vertices, then P is either a (d − 3)-fold pyramid over the polytope in Fig. 2 (a) or the graph of P is the join of the complete graph on d − 2 vertices and the graph in Fig. 2 (c) .
Proof. If the polytope is pyramidal, then the statements would follow from looking at the basis. So assume P is nonpyramidal. We also suppose that P is not a (d − 3)-fold pyramid over the polytope in Fig. 2 (a) . We first establish that the following claim. If instead F is a (d − 3)-fold pyramid over a quadrilateral, let u be an apex and R u the ridge not containing u. Then, by Remark 11 , the vertex u must be adjacent to the nonsimple vertex outside The vertex figure P/u of P at u is a (d − 1)-polytope with d − 1 + 3 vertices. If P/u is a pyramid, then the basis of the pyramid induces a facet F which contains u and has d − 1 + 3 vertices. So P is a pyramid, whose basis F , by the induction hypothesis, satisfies the condition. Therefore, P satisfies the condition.
If P/u is nonpyramidal, then it has either d − 1 or d nonsimple vertices and satisfies the induction hypothesis. Every edge in the vertex figure corresponds to a 2-face containing u, which is a triangle.
Hence, if two vertices in the vertex figure are adjacent, the two corresponding vertices of P , which are adjacent to u, are also adjacent. So the graph of P/u is a subgraph of G(P ). As a consequence, the d − 3 vertices of P/u with degree d + 1 in P/u give rise to d − 3 vertices of degree d + 2 in P .
So P has at least d − 2 vertices of degree d + 2, including the vertex u. If P has exactly d nonsimple vertices, then P/u has exactly two vertices of degree d, which are adjacent. These two vertices in turn give rise to the adjacent vertices of P with degree d + 1, since P has three simple vertices. In the case of P having exactly d + 1 nonsimple vertices, the vertices of P/u with degree d + 1 in P/u give rise to vertices of degree d + 2 in P and the two adjacent vertices of P/u with degree d in P/u give rise to two adjacent vertices in P with degree d + 1. So if G(P/u) has exactly d nonsimple vertices, by the induction hypothesis, removing the d − 1 nonsimple vertices with degree d + 2 from G(P ) leaves a subgraph which includes the graph in Fig. 2(c) , and we are at home. If instead G(P/u) has exactly d − 1 nonsimple vertices, removing the d − 2 nonsimple vertices with degree d + 2 from G(P ) leaves a subgraph which includes the graph in Fig. 2(b) , contradicting the existence of exactly two simple vertices in P . Hence the graph of P/u is the subgraph of G(P ) obtained by removing u.
This proves the result. Proof. If d ≤ 3 the polytope is reconstructible from its graph. In the case of P being a simple polytope (cf. Proposition 10), P is reconstructible from its graph. So suppose P is not a simple polytope. The statement that P is a (d − 4)-fold pyramid follows at once from Proposition 12. By Theorem 9 the reconstruction statement now reduces to proving that a 4-polytope with eight vertices and at most two nonsimple vertices is reconstructible from its graph, which follows from [13, Thm. 4.6] .
For d = 3 the 3-polytopes with at most two nonsimple vertices can be found in [2, Fig. 4 ]. For d ≥ 4, once we have that the polytope is a (d − 4)-fold pyramid, we only need to look for 4-polytopes with eight vertices and at most three nonsimple vertices, which can be found in the catalogues [5] .
Finally, note that reconstructing from the 2-skeleton reduces to showing that a 4-polytope with eight vertices and at most three nonsimple vertices is reconstructible from its 2-skeleton, which follows from [9, Thm. 12. Proof. If d < k then the polytope is reconstructible from its graph by [13, Thm. 4.6] . If P is a simple polytope, it is reconstructible from its graph. In the case of d = k and P being nonsimple, since d − k + 3 ≤ d − 2, Proposition 14 gives that P is a pyramid, and the reconstruction follows from Theorem 9 and [13, Thm. 4.6] since the basis of the pyramid would have at most 2 nonsimple vertices. So assume d ≥ k + 1. From Proposition 12 it ensues that P is a (d − k)-fold pyramid . By Theorem 9 the reconstruction statement now reduces to proving that a k-polytope Q with 2k vertices and at most 3 nonsimple vertices is reconstructible from its graph. By Proposition 14 Q is either a simplicial k-prism, in which case is reconstructible from its graph, or a pyramid over a (k −1)-polytope with 9 vertices and at most 2 nonsimple vertices, in which case Q is also reconstructible since the reconstruction of the basis follows from [13, Thm. 4.6] .
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